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A simple theoretical approach is proposed for calculation of a solvent-mediated potential �SMP� between
two colloid particles immersed in a polymer solvent bath in which the polymer is modeled as a chain with
intramolecular degrees of freedom. The present recipe is only concerned with the estimation of the density
profile of a polymer site around a single solute colloid particle instead of two solute colloid particles separated
by a varying distance as done in existing calculational methods for polymer-SMP. Therefore the present recipe
is far simpler for numerical implementation than the existing methods. The resultant predictions for the
polymer-SMP and polymer solvent-mediated mean force �polymer-SMMF� are in very good agreement with
available simulation data. With the present recipe, change tendencies of the contact value and second virial
coefficiency of the SMP as a function of size ratio between the colloid particle and polymer site, the number
of sites per chain, and the polymer concentration are investigated in detail. The metastable critical polymer
concentration as a function of size ratio and the number of sites per chain is also reported for the first time. To
yield the numerical solution of the present recipe at less than 1 min on a personal computer, a rapid and
accurate algorithm for the numerical solution of the classical density functional theory is proposed to supply
rapid and accurate estimation of the density profile of the polymer site as an input into the present formalism.
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I. INTRODUCTION

Many systems of biological and technological interest can
be modeled as colloid particles immersed in a solution of
nonadsorbing polymers �1�. Understanding the phase behav-
ior and stability of such dispersions as a function of the poly-
mer concentration, polymer molecular weight, and polymer/
colloid size ratio is of primary importance for the
development of various industrial applications and probing
mechanisms of biological processes. When the size ratio be-
tween the colloid particle and the polymer site widens �the
colloid particle is larger than the polymer site�, a description
of the dispersions based on a single component macrofluid
approximation becomes more valid �2�. The single compo-
nent macrofluid approximation needs the polymer-solvent-
mediated potential of mean force �polymer-SMP� as an in-
put, therefore detailed understanding, and rapid and accurate
obtainment of the polymer-SMP between two colloid par-
ticles is of primary importance.

Due to the wide range of particle size ratios and corre-
sponding length scales involved in the problem, simulation
studies of the colloid-polymer mixture are notoriously diffi-
cult; this only brings out the importance of a theoretical cal-
culation. Although many theoretical works �3� were done on
the colloid-polymer system for calculation of the SMP, there
do not exist theoretical approaches that are both computa-
tionally simple and highly accurate. A straightforward calcu-
lational method for polymer-SMP �4� is to solve numerically
the polymer-reference interaction site model �PRISM� inte-
gral equation theory �IET� �5,6� for a mixture consisting of a
solvent polymer and a colloid particle, with the latter com-
ponent’s concentration being zero, to obtain the radial distri-

bution function �RDF� between the two colloid particles,
then simply combine the resultant RDF with the Boltzmann
relation to obtain the polymer-SMP �4�. Although the PRISM
IET, when combined with a unique closure �consistent with
field theory�, can quantitatively predict colloid structure fac-
tors on polymer-colloid suspensions �7�, since the case of the
polymer-SMP is concerned with an infinite concentration
asymmetry and a high size asymmetry, the polymer-SMP
from the PRISM IET is not quantitatively accurate, although
qualitatively correct �4�. Especially, the predictions from the
PRISM IET are very sensitive to the particular closure em-
ployed, but there does not exist a general principle for the
construction of the closure for the cases of infinite asymme-
try in concentration and high asymmetry in size. As long as
the accuracy of an adsorption method �8� is concerned, its
predictions are even qualitatively incorrect, and it is believed
that the qualitative discrepancy of the adsorption method
from simulation results is due to the superposition approxi-
mation employed. It also is noted that an exact relation �9�
can be employed to estimate the SMP from the solvent-
mediated excess mean force, which, however, has to be esti-
mated by a three-dimensional �3D� space position R integra-
tion of the solvent conditional density distribution ��R ,r�
equal to the probability of finding the solvent particle at R,
given that one solute is at the origin and the other solute is
located at r. In the language of density functional theory
�DFT�, ��R ,r� is the solvent density distribution under the
influence of an external potential due to two solute particles
separated by a distance r. Because of the low symmetry of
��R ,r�, its calculation is very intensive computationally. Es-
pecially, the calculation of ��R ,r� has to be done for many
different values of r over which the SMP or SMMF does not
disappear. Therefore, the calculational task of the approach is
almost comparable to that of a simulation. However, the re-
sultant predictions for both the SMP and SMMF are the most*Email address: chixiayzsq@yahoo.com
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accurate among all existing theoretical approaches, as shown
in a recent paper �10�, where the SMP between two equal
spherical colloid particles immersed in a solution consisting
of a freely jointed tangent hard sphere chain is theoretically
calculated by a combination of the classical DFT approach
for ��R ,r� and the exact relation �9�.

The aim of the present investigation is to propose, in Sec.
II a theoretical approach that is comparable in accuracy with
the calculationally very extensive method �10�, but calcula-
tionally the simplest among all existing approaches. With the
present approach, we investigate properties of the polymer-
SMP, polymer-SMMF, and critical properties of the colloid
+polymer system. Considering that the classical DFT ap-
proach now becomes a powerful theoretical method for
many inhomogeneous phenomena, the present formalism
also needs to employ the density profile output of the classi-
cal DFT approach as an input for the calculation of the
polymer-SMP. However, there does not exist any reported
efficient numerical algorithm for the solution of the density
profile equation in the classical DFT approach; we also will
propose a numerical algorithm for the numerical solution of
the classical DFT density profile equation in the Appendix.
Finally, we conclude the paper in Sec. III with some discus-
sions.

II. THEORETICAL FORMALISM
AND MODEL CALCULATION

The colloid+polymer system under consideration consists
of two spherical colloid particles of diameter �c at infinitely
dilute limit, immersed in a solution of a freely jointed tan-
gent hard sphere chain whose site diameter is denoted by �s,
the number of the sites per chain is denoted by Np, and the
reduced site number density is denoted by �bs�s

3=nNp�s
3 /V

�here V is the system volume and n is the number of the
polymer chain�. Following the reasoning in Refs. �3�d�,11�,
the total potential of the mean force �PMF� �Wcc�r� between
two colloid particles at an infinitely dilute limit is a sum of
the pure intercolloid pair potential �ucc�r� and SMP �uex�r�;
the total PMF �Wcc�r� is related to the RDF gcc�r� by

�Wcc�r� = − ln�gcc�r�� . �1�

In Eq. �1�, �=1/kBT, where kB is Boltzmann’s constant and
T is the absolute temperature �inverse thermal energy or re-
duced temperature�.

According to the Ornstein-Zernike �OZ� IET �12�, there
exists a closure relation for the colloid-colloid pair,

gcc�r� = exp�− �ucc�r� + �cc�r� + Bcc��cc�r��� . �2�

Here �cc�r� and Bcc are, respectively, the indirect correlation
function and the bridge function for the colloid-colloid pair.
Then, the SMP �uex�r� is given by

�uex�r� = − �cc�r� − Bcc��cc�r�� . �3�

For multicomponent systems consisting of atomic par-
ticles and polymer chains, the structural description is based
on a multicomponent PRISM scheme whose starting point is
a modified OZ IE �5,6�, which takes the connectivity of the

chains into account and reads in the Fourier space

�I + Ĥ�q�� = �1 − Ĉ�q��−1, �4�

where I denotes the unit matrix, and Ĥ�q� and Ĉ�q� are ma-
trices of functions with

Ĥij�q� =
1

�P̂i�q�P̂j�q�
ĥij�q� , �5�

Ĉij�q� = �P̂i�q�P̂j�q�ĉij�q� , �6�

where hij�r�=gij�r�−1 and cij�r� are, respectively, the total
correlation function and second-order direct correlation func-
tion �DCF� for a pair of sites belonging to the i and j species.

P̂i�q� is the single chain structure factor of the ith component
�equal to 1 for the entire monomeric body�. The dimension
of all matrices is equal to n, the number of components

present in the system. The caret in f̂ i j�q� denotes the 3D
Fourier transform of f ij�r� normalized with the density factor
��bi�bj, where �bi stands for the site number density or par-
ticle number density of the species i.

For the present colloid+polymer system, the colloid num-
ber density �bc is equal to zero, one has the relationship

�̃cc�q� = FT�hcc�r� − ccc�r�� = �bsh̃cs�q�c̃sc�q� . �7�

Here the tilde denotes the 3D Fourier transform. In the real
space, Eq. �7� reads

�cc�r� = hcc�r� − ccc�r� = �bs� dr�hcs�r��csc�	r − r�	� .

�8�

Considering the infinitely dilute limit of the colloid compo-
nent, the RDF for the colloid-site pair reads gcs�r�
=�cs�r� /�bs, with �cs�r� being the site density profile around
a single colloid particle; �cs�r� will be calculated in the
present work by a recently proposed polymer DFT approach
�13�. According to the definition of the total correlation func-
tion, one can calculate the total correlation function hcs�r� by

hcs�r� = gcs�r� − 1. �9�

By taking into account the limit of �bc=0, one has a rela-
tionship for the colloid-site pair,

h̃cs�q� = P̂s�q�c̃sc�q� + P̂s�q��bsh̃cs�q�c̃ss�q� . �10�

Since the colloid particle number density �bc is equal to
zero in the present colloid+polymer system, the calculation
of c̃ss�q� can be decoupled from the colloidal component.
Upon acquiring c̃ss�q� by the single component PRISM
scheme �5,6� and hcs�r� by the DFT approach, one can cal-
culate the c̃sc�q� by Eq. �10� and �̃cc�q� by Eq. �7�, then one
can calculate �uex�r� by Eq. �3� with a specification of Bcc.
In the following, to make the explanation of the polymer
DFT approach �13� clear, the density argument is added to
the symbol of the second-order DCF for the site-site pair in
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real space and Fourier space, i.e., we write css�r ;�bs� and
c̃ss�q ;�bs�instead of css�r� and c̃ss�q�.

We first summarize the details of the DFT approach �13�
for calculation of �cs�r�, i.e., the site density profile of the
freely jointed tangent hard sphere chain under influence of an
external field due to a single colloid particle; a detailed deri-
vation can be found in Ref. �13�

�cs�r� =
�bs

Np
F�− ��ext�r�,�cs�r��


i=1

Np

Fi�− ��ext�r�,�cs�r��

� FNp+1−i�− ��ext�r�,�cs�r�� , �11�

where

Fn�− ��ext�r�,�cs�r�� =� G�r,r��F�− ��ext�r��,�cs�r���Fn−1�− ��ext�r��,�cs�r��� dr� n � 1,

=1 n = 1,

�12�

for the present freely jointed tangent hard sphere chain,
G�ri+1−ri�=kc	�	ri+1−ri 	−�s�, constant kc equals 1 /4
 	 is
the Dirac function;

F�− ��ext�r�,�cs�r��

= exp�− ��ext�r� − �	Fex��p�
	�cs�r�

+
	Fex��p�
	�cs�r�

�
�p�r�→�p

b

 .

�13�

Here �p
b =�bs /Np is the bulk polymer number density, and

��ext�r� is the reduced external potential felt by a polymer
site,

��ext�r� = � r � ��c + �s�/2
0 r � ��c + �s�/2

. �14�

Fex��p� is the excess Helmholtz free energy of a nonuniform
polymer solution, and �p�R� is the molecular density distri-
bution function, and is related with the site density profile
�cs�r� by

�cs�r� =� 

i=1

Np

	�r − ri��p�R�dR . �15�

R= �r1 ,r2 , . . . ,rNp
� denotes the configuration of the polymer

chain.
To proceed further, an approximation of Fex��p�

=Fex��cs� is usually made, and thus Eq. �13� reduces to

F�− ��ext�r�,�cs�r��

= exp�− ��ext�r� − �	Fex��cs�
	�cs�r�

+
	Fex��cs�
	�cs�r�

�
�cs�r�→�bs


 .

�16�

For the case of Np=1, the present freely jointed tangent
hard sphere chain reduces to a hard sphere fluid, and the
density profile Eq. �11� reduces to that of the hard sphere
fluid under the influence of the external potential Eq. �14� for
which an adjustable parameter free version of the LTDFA
�14� is very accurate. It was found in Ref. �13� that the pa-
rameter free version of the LTDFA �14� can be applied to the

present case of Np�1 only if the hard sphere second-order
DCF in the parameter free version of the LTDFA �14� is
substituted by a scaling css�r ;�bs�, i.e., 
css�r ;�bs�, the value
of 
 is determined by requiring the resultant scaling second-
order DCF 
css�r ;�bs� to have an integrated value 
c̃ss�0 ;�bs�
in agreement with the corresponding value from an equation
of state �EOS�, i.e.,

� =
1

�bs
� ��bs

�P



T

=
�Np

�bs�1 − Np�bs
c̃ss�0;�bs��
. �17�

Here, P is the bulk pressure of the polymer solution.
To conclude, the term

−
	Fex��cs�
	�cs�r�

+ �	Fex��cs�
	�cs�r�

�
�cs�r�→�bs

in Eq. �16� can be expressed as

	Fex��cs�
	�cs�r�

+ �	Fex��cs�
	�cs�r�

�
�cs�r�→�bs

=� dr���cs�r�� − �bs�
css�	r − r�	; �̃cs��r + r��/2,
1

2
�� .

�18�

Here the weighted density

�̃cs��r + r��/2,
1

2

 =� dr�
css�	�r + r��/2 − r�	;�bs�

���bs +
1

2
��cs�r�� − �bs��/c01s� ��bs� .

�19�

Here c01s� ��bs�=�dr
css�r ;�bs�.
css�r ;�bs� can be obtained by solving numerically the

single component PRISM integral equation �6�
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h̃�q� = P̂s�q�c̃ss�q;�bs�P̂s�q� + �bsP̂s�q�c̃ss�q;�bs�h̃�q� .

�20�

Equation �20� can be rearranged into a following form suit-
able for iteration:

�̃ss�q� =
c̃ss�q;�bs��P̂s�q� − 1� + �bsP̂s�q�c̃ss

2 �q;�bs�

1 − �bsP̂s�q�c̃ss�q;�bs�
. �21�

The closure equation for site-site pair is rewritten as

css�r;�bs� = exp�− ��ss�r� + �ss�r� + Bss��ss�r��� − �ss�r� − 1,

�22�

where �ss�r� is the interaction potential between sites. In the
present illustrating investigation for the freely jointed tangent
hard sphere chain, ��r� is of the following form:

�ss�r� = � , r � �s

=0, r � �s. �23�

As was done in Ref. �15�, a Percus-Yevick �PY� approxi-
mation �12� is employed for the bridge function Bss�r�,

Bss��ss�r�� = − �ss�r� + ln�1 + �ss�r�� . �24�

The P̂s�q� appearing in Eqs. �20� and �21� and Eq. �10� can
be calculated from an approximate expression for the single
chain structure factor determined from the Koyama distribu-
tion �16� for a semiflexible hard sphere chain by forcing the
energy parameter in the Koyama distribution to be zero.

Regarding the specification of the bridge function
Bcc��cc�r�� for the colloid-colloid pair at the infinitely dilute
limit, we directly employ the following form suitable for
SMP between two colloid particles immersed in a hard
sphere solvent bath �17�,

BM-BPGG��� = 0, � � 0

=�1 + s��1/s − 1 − �, � � 0. �25�

Here, s is a function of size ratio between the solvent
particle-colloid particle in Ref. �17�, where Eq. �25� is em-
ployed for calculation of SMP between two colloid particles
immersed in a solvent bath consisting of a single component
hard sphere fluid, and the resultant SMP is in very satisfac-
tory agreement with the corresponding simulation data. For
the present colloid+polymer system, the size ratio should be
one between the polymer site and colloid particle, since what
is imported into the present formalism is the density profile
of the polymer site. The fact that such a choice can reduce
the resultant present formalism to the one in Ref. �17�, when
Np is equal to 1, also lends support for this choice.

A procedure for the numerical solution of the SMP
�uex�r� is given as follows. First, the single component
PRISM theory denoted by Eqs. �20�–�23� combined with the
PY approximation denoted by Eq. �24� is solved by the al-
gorithm due to Labik et al. �18� to obtain css�r ;�bs�. Then the
scaling parameter 
 is determined by solving Eq. �17� com-
bined with the EOS proposed in Ref. �19� and denoted

therein by Eq. �39�. Second, the density profile equation set
denoted by Eqs. �11�, �12�, �14�, �16�, �18�, and �19� are
solved numerically to obtain the site density profile �cs�r�
around a single colloid particle. Third, the total correlation
function hcs�r� is obtained by Eq. �9�. Then Eq. �10�, with
c̃ss�q� being substituted by 
c̃ss�q� �
c̃ss�q� instead of c̃ss�q� is
employed in Eq.�10� to be in agreement with the site density
profile �cs�r�, whose acquisition also employs 
css�r ;�bs� in-
stead of css�r ;�bs�� is employed to obtain c̃sc�q�, and �̃cc�q� is
obtained by Eq. �7�. The inverse Fourier transform �̃cc�q� is
used to obtain �cc�r�. Fourth, Eq. �3� leads to the desirable
SMP �uex�r�. In the calculational process, almost all of the
calculational time is spent on the calculation of the site den-
sity profile �cs�r�. When the phase behavior of the colloid
+polymer system is investigated by importing the �Wcc�r�
=�ucc�r�+�uex�r� into the single component macrofluid ap-
proximation, the �uex�r�and therefore the �cs�r� have to be
computed repeatedly for many bulk state points of the poly-
mer solvent bath. Thus, a fast and accurate numerical algo-
rithm for the solution of the density profile equation set in
the DFT approach is very important. In the Appendix, such
an algorithm is proposed and employed in the present re-
ported calculation.

The reduced SMMF can be calculated by

�s�fex�r� = − �sd�uex�r�/dr . �26�

In Figs. 1–3, the present theoretical predictions for the
polymer-SMP �uex�r� and polymer-SMMF �s�fex�r� as a
function of the colloid-colloid separation for several combi-
nations of chain length Np, and bulk site number density
�bs�s

3 at a fixed size ratio �c /�s=5, are presented together
with the corresponding simulation data �20�. The same com-
parison is also presented in Figs. 2 and 3 in Ref. �10�, where
the theoretical predictions are based on the exact relation �9�,
which, however, has to incur an estimation of the polymer-
site conditional density distribution ��R ,r� as discussed in
Sec. I. By comparing the present Figs. 1–3 with Figs. 2 and
3 in Ref. �10�, one can conclude that the two theoretical
approaches are comparable in accuracy. The calculational
task of the present approach is basically equal to a calcula-
tion �only one time� of the density profile �cs�r� of the site
around a single spherically symmetrical colloid particle,
since steps III and IV are not associated with the iteration.
Step I is common to both the present theory and to that
presented in Ref. �10� if the DFT approaches employed in
the two theories are the same. However, the theory in Ref.
�10� is associated with the estimation of the site density pro-
file around the two spherically symmetrical colloid particles
with a different colloid-colloid separation. It is well known
that the polymer-site conditional density distribution is two
dimensional �2D�. The numerical solution of the polymer-
site conditional density distribution is much heavier than that
of �cs�r�. To calculate the SMP �uex�r� as a function of the
colloid-colloid separation for a fixed combination of bulk
parameters by the method in Ref. �10�, one has to calculate
the polymer-site conditional density distribution for varying
r over which �uex�r� is nonzero. Therefore, compared with
the heavy calculational task incurred by the theory in Ref.
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�10�, the calculation time needed by the present approach
almost can be neglected.

A fast and accurate estimation of the SMP �uex�r� by the
present theoretical approach allows for a theoretical investi-
gation on the phase behavior of the colloid+polymer system
on the level of the single component macrofluid approxima-

tion. Before such an investigation, we first investigate the
change tendency of the SMP �uex�r� as the system param-
eters change.

Figure 4 presents the theoretically predicted �uex�r� for
varying �bs�s

3 and Np at a fixed size ratio �c /�s=5. Com-
pared with the �uex�r� for the colloid+atomic hard sphere
fluid system �i.e., Np=1 limit of the present system� investi-
gated in Refs. �17,11�, the present amplitude of oscillation of
�uex�r� vs r is very weak. Especially when �bs�s

3 is very low,
the �uex�r� almost monotonously increases to zero. As �bs�s

3

increases, �uex�r� becomes more oscillatory, but it is still
much weaker than that in the case of the Np=1 limit. As the
Np increases, the oscillation becomes weaker. All of the
above observed oscillatory properties can be ascribed to the
monotonous behavior of �cs�r� at low �bs�s

3, as shown in Fig.
1�b�, and the weak oscillatory behavior of the �cs�r� for in-
creasing �bs�s

3, as shown in Fig. 5, and the observation that
increasing �bs�s

3 has a similar function as displayed by de-
creasing Np.

Since the oscillation is weak, the global behavior of the
SMP �uex�r� is mainly determined by the contact potential
�uex��c�. Therefore we will investigate in detail the change
tendency of the �uex��c� as the bulk parameters are changed.
In Fig. 6, the influence of �c /�s and �bs�s

3 on �uex��c� is
presented for a fixed Np=15. Although an increase of �bs�s

3

also results in an increase of the site density near the colloid
particles, however, the amplitude of the increase is smaller
than that in the bulk fluid due to an entropy loss of the
polymer chain when situated near the colloid particle. The
resulting consequence is a decrease in �uex��c� caused by the
osmotic pressure difference between the inside region and
the outside region of two colloid particles. Figure 6 also
shows that �uex��c� becomes more attractive when �c /�s

increases. This can be due to two mechanisms. One is that
the entropy loss due to the polymer site situated near the
colloid particle is strengthened when the colloid particle di-
ameter increases, but this mechanism is not the main one,
which should be the increase of the surface area of the col-
loid particles. When the diameter of the colloid particle is
large enough �for example, �c /�s�40�, the entropy loss
should be unchanged even if the diameter of the colloid par-

FIG. 1. �a� The SMP �uex�r� vs separation r between two col-
loid particle. The lines stand for the present theoretical predictions,
and symbols are for simulational data �20�. The bulk parameters are
shown in the figures. �b� The corresponding reduced site density
profile due to the present theoretical calculation.

FIG. 2. �Color online� The reduced SMMF �s�fex�r� vs separa-
tion r between two colloid particles. The lines stand for the present
theoretical predictions, and symbols are for the simulational data
�20�. The bulk parameters are shown in the figures.

FIG. 3. �Color online� The same as in Fig. 2, but for a different
combination of bulk parameters.

FORMALISM FOR CALCULATION OF POLYMER... PHYSICAL REVIEW E 74, 011402 �2006�

011402-5



ticle increases further, but �uex��c� still decreases linearly as
�c /�s increases. Even if the interaction potential energy per
unit surface area is unchanged, the total potential energy
should increase as the colloid diameter increases.

In Fig. 7�a�, the contact SMP �uex��c� as a function of the
site number Np per chain is presented for a fixed �bs�s

3

=0.35 and �c /�s=5. When the polymer chain is situated near
a colloid particle, the freedom degree of a longer chain will
be decreased more than that of a shorter polymer chain,
therefore the entropy loss is larger for the long chain than for
the short chain. This is reflected in Fig. 7�b�, where one can
conclude that the site number density is lower for the long
chain than it is for short chain at a fixed �bs�s

3. The resultant
consequence is that the contact SMP �uex��c� becomes more
negative for a long chain than it is for a short chain, as
shown in Fig. 7�a�.

The second virial coefficient of a fluid is an important
quantity for measuring the relative ratio of the repulsion in-
teraction and attraction interaction in a total interparticle po-

tential. Recently, it was indicated �21� that, whereas the criti-
cal point is very sensitive to the range of interaction, the
second virial coefficient has a relatively constant value at the
critical temperature. This enables one to predict the critical
temperature with fair accuracy only by the second virial co-
efficient. For the present investigated colloid+polymer sys-
tem, the bulk �bs�s

3 is analogous to the inverse reduced tem-
perature �. Thus, the critical site number density �bs

cri�s
3 can

be simply calculated by the second virial coefficient of the

FIG. 4. The theoretical predictions for the SMP �uex�r� vs sepa-
ration r between two colloid particles. �a�, �b�, and �c� differ from
each other by the parameter combinations as shown in the figures.

FIG. 5. The reduced site density profile due to the present the-
oretical calculation for several combinations of bulk parameters.

FIG. 6. The contact SMP �uex��c� vs �a� �bs�s
3 for several size

ratios �c /�s and �b� �c /�s for several bulk site number densities at
fixed Np=15.
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colloid+polymer system on the level of the single compo-
nent macrofluid approximation. It was discovered in Ref.
�21� that, when the second virial coefficient B2 of a fluid,
whose potential includes a steep repulsion at a short distance
and an attraction at longer distance, satisfies

B2 = − 
�3, �27�

then the fluid must be close to its critical temperature. Here �
is in all cases taken to be the distance at which the potential
crosses zero. For the present system, � should be �c.

To investigate how �bs
cri�s

3 changes as the bulk parameters
change, we first theoretically calculate B2 for various �bs�s

3

and Np at a fixed �c /�s=5 to illustrate our aim, and we
present the results in Fig. 8,

B2 = 2
�
0

�

�1 − exp�− �Wcc�r���r2dr . �28�

Here

�Wcc�r� = � , r � �c

=�uex�r�, r � �c. �29�

As expected from the above discussion about the SMP
�uex�r�, B2 becomes more negative as Np and/or �bs�s

3 in-
crease. One also observes that the decrease of B2 will tend to

cease when Np arrives at a high value, for example, 20. This
is due to the fact that the entropy loss tends to a saturation
value when Np arrives at a high value. The decrease of B2
tends to accelerate as �bs�s

3 increases.
In Fig. 9, �bs

cri�s
3 as a function of Np and �c /�s is pre-

sented. The specification of �bs
cri�s

3 is based on the empirical
criterion Eq. �27�. It was discovered that increasing Np
and/or �c /�s tends to decrease �bs

cri�s
3. When �c /�s increases

to a large value, for example, �c /�s=16 or 20, the decreas-
ing tendency of �bs

cri�s
3 will become not so obvious as in the

case when �c /�s is small. Although the contact SMP
�uex��c� will become more negative when �c /�s increases,
the interaction range will become shorter at the same time.
From Eq. �28�, one knows that the integrand is proportional
to r2, but is related to �uex��c� by an exponent function.
Therefore, �bs

cri�s
3 will tend to a saturation value when �c /�s

arrives at a large value.

III. SUMMARY

A new methodology is proposed for calculation of the
SMP �uex�r� between two large solute particles immersed in

FIG. 7. The contact SMP �uex��c� vs Np for bulk parameter
combinations of �bs�s

3=0.35 and �c /�s=5.

FIG. 8. The reduced second virial coefficient B2 /�c
3 vs �bs�s

3 for
several bulk parameter combinations as shown in the figure.

FIG. 9. The critical �bs
cri�s

3 vs �c /�s for several different Np.
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a polymer solvent bath. Since the present method is based on
the modified OZ IE, which, in principle, can be applied to
molecules of any shape and systems with any number of
components in the solvent bath, therefore the extension of
the present methodology to a solute particle of arbitrary
shape and a solvent bath of any components �atomic and/or
polymeric component or their mixture� is straightforward.

The present methodology consists of decoupling the
PRISM IE for a multicomponent mixture at the infinitely
dilute limit of the solute species and applying the equiva-
lence between the RDF gcs�r� for a solvent-solute pair of
zero solute density limit and the reduced density profile
�cs�r� /�bs of a solvent around a single solute, i.e., gcs�r�
=�cs�r� /�bs. Although the decoupling of the OZ IE and
PRISM IE for a multicomponent mixture at the infinitely
dilute limit of the solute species is a well-known fact, to the
knowledge of the present author, previously the decoupling
of the OZ IE is only employed to simplify the solution of the
many component OZ IE to calculate the SMP between two
walls immersed in a solvent bath of atomic fluid �22�. How-
ever, for the case of two walls, the SMP can be tackled easily
by the DFT approach by making use of the single coordinate
over which the density variation occurs. In Ref. �22�, the
equivalence of gcs�r�=�cs�r� /�bs is not made use of. Instead,
one is confronted with the problem of choosing or devising
appropriate bridge function approximations for both the
solvent-solute pair and the solute-solute pair. In Ref. �22�,
because of the absence of appropriate bridge function ap-
proximations, the HNC approximation is employed for both
the solvent-solute pair and the solute-solute pair. Therefore
the theoretical calculation in Ref. �22� is only qualitative.
Reference �23� also makes use of decoupling the PRISM OZ
IE for a two-component mixture, but to investigate the ad-
sorption of the chain fluid in slitlike pores, in this work, the
equivalence gcs�r�=�cs�r� /�bs also is not employed. There-
fore Ref. �23� also does not get around the problem of choos-
ing or devising an appropriate bridge function approximation
for the solvent-solute pair. The combination of the decou-
pling with the equivalencegcs�r�=�cs�r� /�bs is proposed and
applied for the first time in the present paper for a polymer
solvent bath, and in several recent papers �24,17,3,11�, also
due to the present author for a hard sphere and a Lennard-
Jones solvent bath to predict the SMP between two large
solute particles. In the present paper and in Refs.
�24,17,3,11�, the equivalence gcs�r�=�cs�r� /�bs is made use
of and the DFT approach is employed for calculation of
�cs�r�. Therefore the present paper and Refs. �24,17,3,11� get
around the problem of choosing or devising an appropriate
bridge function approximation for the solvent-solute pair by
employing the DFT approach for calculation of �cs�r�.
Nowadays, the DFT approach is highly developed and accu-
rate, while the bridge function approximation for the case
of high asymmetry of concentration and size is still at the
very rudimentary stage. Therefore, the combination of the
equivalence gcs�r�=�cs�r� /�bs with the DFT approach, as
done in the present paper and in Refs. �24,17,3,11�, yet can
be regarded as a wise method for improving accuracy. For
the case of two particles at a certain separation, the SMP
cannot be tackled easily by the DFT approach �10� without

incurring an intensive computational task since there is not a
single coordinate �as is the case for one colloid or for two
planar surfaces� over which the density variation occurs. As
discussed in Introduction and in the following, the computa-
tional task is very intensive for the case of two particles, and
this only brings out the importance of thepresent methodol-
ogy.

Improvement in the numerical efficiency of the present
approach over the one discussed in Ref. �10� can be
estimated quantitatively as follows. Assuming that �uex�r�
and �s�fex�r� disappear after the particle separation r goes
beyond a limit value r2 max�s, then one has to calculate
�uex�r� and �s�fex�r� on a grid of equal distance �r2 from
�c to r2 max�s. In Ref. �10�, each calculation for �uex�r�
and/or �s�fex�r� with r between �c and r2 max�s involves
one estimation of ��R ,r�. Then ��R ,r� has to be calculated,
but on a 2D grid. Assuming that the grid number for calcu-
lation of �cs�r� is N1iter, then, on average, the grid number
N2iter for the calculation of ��R ,r� should be N2iter

=1.2N1iter0.5
 /0.04 �assuming the numerical calculation is
carried out in a spherical coordinate system and the grid
distance for the angle integration is 0.04; the coefficient 1.2
takes into account that the nonconstant region of ��R ,r� is
larger than that of �cs�r�, and coefficient 0.5 takes into ac-
count the symmetry�. Then, for a calculation of �uex�r�
and/or �s�fex�r� from �c to r2 max�s by the approach dis-
cussed in Ref. �10�, the total number N2total of the calculation
for the right-hand side of Eq. �11� should be �r2 max�s

−�c� /�r2 times N2iter. Therefore the present approach is
faster than that given in Ref. �10� by a multiple
N2iter�r2 max�s−�c� /�r2N1iter. From Figs. 1–3, �r2 max�s

−�c� is at least 6�s; if, �r2=0.04�s then the multiplet is
7065. Such an estimation has not taken into account an un-
favorable factor of the approach given in Ref. �10� that the
algorithm’s convergence ratio for the 2D grid is slower than
that for the 1D grid. However, the most serious problem for
the approach given in Ref. �10� appears when the solvent is
situated both near the critical point state or at the critical
point. At or near the critical point, the long range density
fluctuation makes the SMP and SMMF exponentially long
ranged with the solvent bath bulk correlation length. As a
conservative estimation, if �r2 max�s−�c� is estimated to be
100�s, then the multiple will be 117 750. Therefore one can
conclude that the present improvement in numerical effi-
ciency over the approach in Ref. �10� is not marginal, but
tremendous. The approach in Ref. �10� is practically not ap-
plicable to the calculation of the SMP due to the solvent bath
being situated at and/or near the critical point, but the present
methodology is applicable to the critical solvent bath as well
as the solvent bath far from the critical point. The only input
of the present methodology is the solvent density profile
around a single solute particle. Therefore the calculational
task of the present method is not heavier than that of obtain-
ing the solvent density profile with the spherical symmetry.
From the point of calculational simplicity and calculational
time needed, the present method is the simplest of the exist-
ing methods for the SMP. The algorithm proposed in the
Appendix supplies a rapid and accurate iteration procedure
for obtaining the density profile by DFT approach. Therefore
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the present formalism for the SMP in combination with the
present algorithm enables the calculation of the SMP to be
completed in less than 1 min on a personal computer. This
will greatly quicken the calculation of the phase behavior of
complex fluids.

The present calculation also establishes the validity of a
well-known Asakura-Oosawa �AO� depletion potential �25�
for the colloid+polymer system at certain conditions. The
AO depletion potential originates from an assumption that
the polymers are described as noninteracting spherical par-
ticles, which, however, interact with colloidal particles
through a hard sphere repulsion. The assumption of spherical
particles instead of a polymer long chain underestimates the
entropy loss associated with the shift of the polymer chain
toward the surface of the colloid particles, therefore overes-
timating the density profile between the regions of the two
colloid particles. However, the assumption of noninteraction
instead of the hard sphere repulsion between sites will un-
derestimate the density profile between the regions of the
two colloid particles, since the noninteracting spherical par-
ticles will tend to move out of the regions between the two
colloid particles to avoid the repulsion interaction between
the colloid particle and the polymer spherical particle �the
polymer spherical particles have no interaction with each
other in bulk as assumed in the AO theory�. Cancellation of
these two effects leads to the observation that the simple AO
depletion potential contains the essential features of the SMP
�uex�r�. It also should be pointed out that the cancellation is
not complete when Np and �bs�s

3 become small enough and
large enough, respectively. Low Np and/or high �bs�s

3 induce
obviously oscillatory �uex�r� while the AO depletion poten-
tial still monotonously tends to zero.

In nanoparticle systems, the diameter of the nanoparticle
is usually at least one order larger than that of other particles
in the system. Therefore, a very good description of the
structure and thermodynamic properties of the nanoparticle
systems can be given by the single component macrofluid
approximation in which the nanoparticles interact with each
other through the potential of the mean force mediated by the
small-size components. The strong size dependence of the
contact SMP �uex��c� displayed in Fig. 6 certainly has close
relevance with the strong size dependence of various nano-
particle properties, such as size-dependent optical, electronic,
and magnetic properties that could be useful for a variety of
technologies including coating, catalysis, memory, and sen-
sor application �26�. From the view of mapping the nonhard
sphere fluid onto a hard sphere fluid with an effective hard
sphere diameter, the strong size dependence of the contact
SMP �uex��c� will also lead to a strong size dependence of
the effective hard sphere diameter, and therefore will lead to
a strong size dependence of the solid-liquid transition point.
This also has close relevance with the size dependence pre-
cipitation separation and enables one to prepare nanocrystals
with a narrow size distribution.

As pointed out in Ref. �2�, the single component macro-
fluid approximation becomes valid when the size ratio be-
tween the solute and solvent particles increases beyond 5.
Although Eq. �27� is ad hoc, its validity is surely checked by
many various model potentials �21�. Therefore one can ex-

pect that the finding displayed in Fig. 9 is at least qualita-
tively correct. For example, Fig. 9 indicates that �bs

cri�s
3 de-

creases when �c /�s increases for three investigated
numerical values of Np. From Fig. 9 one can derive out that
for the Np=1 limit of the present system �i.e., the asymmetry
binary hard sphere mixture�, �bs

cri�s
3 also will decrease when

�c�s increases. In fact, Ref. �27� also surely reports the
above-mentioned tendency by computer simulation.

Although the gas-liquid coexistence is theoretically pre-
dicted, depending on the size ratio �c /�s, they can be stable
or metastable. Recent theoretical �28� and simulational in-
vestigations �29� indicate that when the range of attraction is
below 20% of the range of the repulsion, the system has no
stable liquid phase—just one fluid and one solid phase—and
the gas-liquid coexistence curve is metastable with respect to
the gas-solid coexistence curve. However, in a supercooled
region �30�, the rapidly increasing viscosity of the liquid may
enable the metastable gas-liquid coexistence to materialize.
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APPENDIX: A NEW NUMERICAL ALGORITHM

Calculation of a self-consistent solution is an ubiquitous
problem in the fields of computational physics and chemis-
try. The classical DFT approach has now evolved into a pow-
erful theoretical tool for investigations on the structure and
thermodynamic properties of inhomogeneous fluids. How-
ever, there does not exist a rapid and accurate algorithm for
the numerical solution of the density profile equation in the
classical DFT approach reported. This hinders the wide-
spread application of the classical DFT approach as a routine
tool.

A common strategy to obtain a self-consistent solution is
by iterative calculations. A traditional iterative procedure is
the Picard iteration method �31�, which, however, results in
poor convergence behavior: either slow convergence even
with a good initial guess or divergence overall. The diver-
gence of the Picard method �31� can be cured by Broyles’
mixing procedure �32�, if a good initial estimate is available,
but the convergence is still generally slow especially when
the bulk density is high. In the present investigation, we
apply an inverse Broyden method to the iteration solution of
the density profile equation set denoted by Eqs. �11�, �12�,
�14�, �16�, �18�, and �19�.

We solve the density profile equation set on a grid of
equal distance �r from r= ��c+�s� /2 to r= ��c+�s� /2+7�s,

�cs
i
„��c + �s�/2 + �i − 1��r…, i = 1,2, . . . ,N , �A1�

�cs�r� = 0, r � ��c + �s�/2

=�bs, r � ��c + �s�/2 + 7�s. �A2�

The 3D integral �dr�
css�	�r+r�� /2−r� 	 ;�bs���bs+ 1
2 ��cs�r��

−�bs�� /c01s� ��bs� in Eq. �19� can be reduced to a 2D integral,
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2
�
0

r�
dr��

0




d�r�2sin �
css�r�;�bs���bs +
1

2
��cs���r�sin ��2 + �r�cos � + 	�r + r��/2	�2� − �bs��� c01s� ���bs� .

The integral on radial distance r� is done by a simple
trapezoidal rule �33�, while the angle integral is done by
a Gaussian method �33�. Under the PY approxima-
tion for the freely jointed tangent hard sphere chain, r�=�s.
It should be noted that the expression �bs

+ 1
2 ��cs���r�sin ��2+ �r�cos �+ 	�r+r�� /2 	 �2�−�bs� in the inte-

grand is noncontinuous as a function of radial distance r�,
therefore, the angle integral should be separated into several
regions in which the function is continuous. The integral
�dr���cs�r��−�bs�
css�	r−r� 	 ; �̃cs��r+r�� /2 , 1

2
�� in Eq. �18�

can be treated similarly, but one first has to calculate the
�̃cs�r , 1

2
�from r=max���c+�s� /2−0.5�s ,0� to r= ��c+�s� /2

+7.5�s. Similar to the treatment of the density profile �cs�r�,
one also can only calculate the �̃cs�r , 1

2
� on a grid of equal

distance �r from r=max���c+�s� /2−0.5�s ,0� to r= ��c

+�s� /2+7.5�s, i.e.,

�̃cs
j�max���c + �s�/2 − 0.5�s,0� + �j − 1��r� ,

j = 1,2, . . . ,N�.

The numerical value of �cs�r� and �̃cs�r , 1
2

� on the space be-
tween grid points can be obtained by interpolation.

Based on the above analysis, one can write the density
profile Eq. �11� into a nonlinear equation system with N un-
knowns,

�cs
i = f���c + �s�/2 + �i − 1��r;��cs

1 ,�cs
2 , . . . ,�cs

N ��

i = 1,2, . . . ,N . �A3�

Here f denotes the functional relationship of Eq. �11�.
The algorithm formulas of the inverse Broyden method

�34� can be summarized as follows:

xk+1 = xk − HkF�xk� ,

Hk+1 = Hk + ��sk − Hky
k�

�sk − Hky
k�T

�sk − Hky
k�Tyk ,

k = 0,1, . . . , �A4�

where k denotes the kth iteration, sk=xk+1−xk, yk=F�xk+1�
−F�xk�, H is a N�N iterative matrix, and x is a N�1 matrix
given by

x = �
�cs

1

�cs
2

�
�cs

N
� . �A5�

F is a N�1 matrix given by

F�x� = �
�cs

1 − f���c + �s�/2 + �1 − 1��r;��cs
1 ,�cs

2 , . . . ,�cs
N ��

�cs
2 − f���c + �s�/2 + �2 − 1��r;��cs

1 ,�cs
2 , . . . ,�cs

N ��
�

�cs
N − f���c + �s�/2 + �N − 1��r;��cs

1 ,�cs
2 , . . . ,�cs

N ��
� .

�A6�

When Residual=FT�xk�F�xk��� �� is the absolute error,
usually 10−5 or 10−9�, xk is the true solution. To initiate the
iteration process of the inverse Broyden method, one has to
input x0 and H0. In the original inverse Broyden method,
coefficient � is equal to 1. The present calculation indicates
that lowering the � to a lower value, for example, 0.8, can
quicken convergence.

Throughout the presented calculations, �r=0.04�s, there-
fore N=7�s /�r+1=176, N�=8�s /�r+1=201.

For the case of low bulk site number density �bs�s
3, for

example, �bs�s
3�0.4, the initial values of x and H are set to

be x0T= ��bs ,�bs , . . . ,�bs� and H0�unit matrix. � can be set
to be 1. After 5–7 iterations, the true solution with �=10−9

can be found. When �b�3�0.4, the iteration process, with
x0T= ��bs ,�bs , . . . ,�bs� and H0�unit matrix, diverges. One
has to employ an approximate solution and iteration matrix
of the lower bulk density as the input for the case of higher
bulk density, and at the same time, lower the value of relax-
ation factor �, for example, set �=0.8. The total iteration
times are not beyond 40. For the traditional Broyles’ mixing
procedure,the iteration times needed to arrive at the true so-
lution with �=10−9 are usually high—up to 500 for case
oflow �bs�s

3—for example, �bs�s
3�0.42 with the initial value

of x0T= ��bs ,�bs , . . . ,�bs�. For the case of higher �bs�s
3, the

needed iteration number is high—up to 1000 or 2000 or
more. What is more, for the case of higher �bs�s

3, the true
solution with �=10−9 will never be arrived at. Only the ap-
proximate solution with �=10−3 can be found. This obvi-
ously cannot satisfy the requirement of higher accuracy ex-
erted by, for example, the present investigation, in which the
true solution of the density profile �cs�r� is only an input for
the next computation.
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